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ABSTRACT
For initial data in H2 we prove that the periodic solutions in space to the

nonlinear cubic Schrédinger equation are almost periodic in time.

1. Introduction

The nonlinear cubic Schrodinger equation

1y + Uge — 2Jul?u = 0,
(1.1) u(z + 1,t) = u(z, t), (z,t) € R?,
tle=0 = o, uo(x + 1) = ue(z),
is well-posed in L{(R)** [Bourl} and in H{(R) for all s > 0 [Bour2]. This second

result of J. Bourgain motivates us to prove the almost periodicity of (1.1) for
initial data up in H?(R). In the following we prefer to rewrite (1.1) identifying
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the complex u(z,t) with p(z,t) + ig(x,t) where p and ¢ are real valued:

(%) =m0 =~ (2=) 204 (1)

1.2
(12 Pz +1L,8) =p(5,t), a@+1) =1,
(P, @)lt=0 = (Po,90), Po(z +1) =po(z), po(z+1) = po(x),
i

for all z € R, where Z) denotes —a

The AKNS system H(p, q) defined by

_(0 -1\ 4, (@) »)

(1.3) H(p,q)F = (1 0 ) da:F+ ( p(z) ol F

is the self-adjoint operator of Lax pair associated with (1.1a).

Set H/ = {(p,q) € H§((0,1))? pP(1) = p®)(0), ¢P(1) = ¢®)(0), k =
0,...,5 — 1}. Consider the operator H(p,q) with (p,q) in H}(R)? and with
the periodic self-adjoint boundary conditions F(z + 2) = F(z), and consider
H(p, q) with (p,q) in H! with the self-adjoint boundary conditions F(1) = F(0)
(or F(1) = —F(0)). These two operators have the same isospectral sets denoted
Iso(p, q) by identifying H3(R)? with . Moreover for (p,q) € H?, Iso(p,q) C H2.
The spectrum of H(p, ¢) in H* with the latter boundary conditions is a pure point
spectrum. We denote by (A(p, ¢))kez the increasing sequence of eigenvalues.
Due to the Lax formulation each Ax(p,q) is a conserved quantity of (1.1). We
then want to prove the almost periodicity in time of the flow (p(t), ¢(t)) solution

o (Z:) = T3(p,q), (P,)le=0 € H2. (p(t),q(t)) € Iso(po, o) C H? is the flow

associated with the vector field (p, q) — T2(p, q) tangent to Iso(po, qo)-

In 1974-75 the periodicity in time for the KdV equation has been studied
by P. Lax [Laxl] [Lax2], V. A. Marchenko [Mar], S. P. Novikov and B. A.
Dubrovin [Nov], H. P. McKean and P. Van Moeberke [McK-VanMoe]. In 1976
H. P. McKean and E. Trubowitz [McK-Tru] gave the result of the almost peri-
odicity in Hj for KdV. Recently J. Bourgain {Bour3] has shown how to extend
the works of [McK-Tru] in L2.

For solving the case of the nonlinear Schrédinger equation in H? we used the
works of [McK-Tru] and the results of [Gré-Gui].

We now give briefly some results related to the periodic AKNS operator.
These results have been established in [Gré] and [Gré-Gui|. See these references
for precise details.



Vol. 92, 1995 NONLINEAR CUBIC SCHRODINGER EQUATION 335

We denote by Fy(z, A, p,q) [resp. Fz(z, A, p, q)] the solution to H(p,q)F = AF
with F1(0,\,p,q) = (1,0)T [resp. F2(0,),p,q) = (0,1)T]. For i = 1 and 2,
Y; and Z; are the two components of F;. The eigenvalues Ay’s are the zeros of
the entire function A — A%(X) —4 = (Yi(1,)) + Z2(1,/\))2 —4. Set my(A) =
LA £ (820 —4)], ba = ((ma(N)=Yi(L, )/ ¥a(L, X) = Z1(1, 1)/ (ma (3) -
Z2(1,)) and fi(z,)) = Fi(z,A) + b1 (A)Fa(z, A). Then fy(z,A) = f-(z, )
is an eigenfunction associated with the eigenvalue A.

a
as
bilinear forms:

For a = ) and b = (zl) two elements of C?, we define the following
2

u(a, b) = albl ol agbz, v(a, b) = a1b2 + azbl, w(a, b) = a1b1 + agbg.
9G/dp

G /8q ) where 0G/df is the Fréchet derivative
with respect to f of G. For (p,q) € Lu%([O,l])"’,

We denote by V,, /G the vector (

Ve A(A
(14) Ve = ~§—ZA-£L), Vi(a).a(zAR) = (_Uz(t(f}f(tx/\ i)f ;_(Zz/\ i)) '

—(A

g )
The Dirichlet spectrum is the spectrum of H(p, q) associated with the boundary
conditions Y(0) = Y (1) = 0. The Dirichlet spectrum is a strictly increasing
sequence of eigenvalues of multiplicity one and denoted (u(p,q))

Finally we recall that the map K x u defined by

kez’

(K x u)(p,a) = ((Za(L, (2. 0),2,0) = (-1)%) ,n (5010 = 9m)ez)

is a real global bianalytic coordinate system on L%([0,1])? into ¢4(Z)2. This
coordinate system allows a parameterization of the isospectral sets Iso(p, q), and
generically Iso(p, ¢) is an infinite product of circles.

The following is divided into two parts. In the first section we give a sequence of
tangent vectors to Iso(p, ¢) defined by induction, which leads to the expansion of
T; on the family of tangent vectors Vt ¢A(A2k)’s. In the second section the similar
expansions of each element of another sequence of tangent vectors generating
periodic flows in time, leads to the almost periodicity of the flow associated
with T5.

Finally note the recent results of [BBGK] related to Theorem 3.2.
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2. A class of tangent vectors

p_L
To = ,
° (q)
Pz
Ty = s
' (9)
P 1 p.l.
T=_ T +2 2+2<)
2 (QW) (r*+4q°) q

are tangent to Iso(p,q) and the solutions to (p:,¢:) = Ti(p, ¢) with initial data
(po,g0) (¢ = 0,1,2) are isospectral, i.e. for all ¢, the periodic spectrum of the
operator H(p(t), ¢(t)) is the same as that of the operator H(pg, go). The rotation
flow (p(t),q(t)) = (pocost + gosint, —pgsint 4 gocost) is associated with Tp
and it is isospectral (cf. [Am, Th. 2.1]). The translation flow (p(z,t),¢(z,t)) =
(po(x — t),qo(z — t)) corresponds with T}; it is obviously isospectral. The flow

The vectors

associated with T, is a solution to the nonlinear cubic Schrodinger equation.
These vectors are in fact the three first of a sequence defined by induction of
tangent vectors to Iso(p, q).

For g a sufficiently smooth function of  we denote by P[g] one primitive with
respect to x of g.

THEOREM 2.1: For (p,q) € C$°([0,1])? each vector of the sequence

1
()
T = =0T + 4Plu((?) 7)1 )l

is tangent to Iso(p, q).

Remark 1: To obtain the complex form of Theorem 2.1 one identifies LZ([0, 1])
with L3([0,1])? by u = p + ig. This gives the following sequence of tangent
vectors:

To = —it, Ty = iDeTm — 2iuPuTp + aTp).
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In particular a special choice of P gives T} = u, and Ty = iug, — 2i|u|?u.
The first and second primitives take the values 0 and |u(0)|? respectively, at

z =0.

Remark 2: In Theorem 2.1 the fact that P is defined up to an additive constant
is possible since it consequently adds for each T, a constant multiplied by the

L
tangent vector (fl) ) =Tp.

We will use the following lemma in the proof of Theorem 2.1. The wronskian
of F and G is defined by [F,G] = w(F,G%).

LEMMA 2.2: For (p,q) € L([0,1])?, suppose that H(p,q)F = uF and
H(p,q)G = vG. Then

o 0 (4EG) 02 (2) -0 ().

(2.2) D,w(F,G) + 2pu(F,G) + 2qv(F,G) = (v — u)[F, G).

Proof of Lemma 2.2: Suppose F = (2) and G = (g;) satisfy the
hypothesis of the Lemma. Multiply the two lines of the system H(p,q)F = uF
by G; and G; respectively and the two equations. Add to this equation the
similar one obtained by exchanging F and G as well as 4 and v to obtain the
first equation of (2.1). The second equation of (2.1) and (2.2) can be proved in
a similar way. |

Proof of Theorem 2.1: For the solution to (p:,q:) = Tm(p,q) we define for
all j € Z, Ty = %/\j(p, g). Using (1.4) and Lemma 2.2 with (F,G, u,v) =
(fv fa /\ja)‘j) where f(.’IJ) = f+(x”\j) = f—(xa’\j)y we have

20T Aj = (225 Vp o Aj; Ton)
(0. () 2(2) i)

Integrating by parts the preceding equation and using (2.2) we obtain
2)\ij)\]' = (2/\]'Vp,q/\j;Tm)

= (st 7)ot (3) 2 (7))

2)\ij/\]' = Tm+1,)\j, Vi € L.

Thus

Consequently T, is tangent for all m > 1 if Ty is tangent. |
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Remark 3: The fact that (p,q) € C°([0, 1])? is used for the integration by parts
in the preceding proof for all m € N. Of course for m < 2 it is sufficient to
consider (p, q) € H2.

The interpolation theorem below will be used in the following. Define

E= {F(z) entire of order 1 and with type at most 1, such that
+o0
IFls =/ |P(2)[?dz < +oo.
— 00
The interpolation points are the p;, i € Z sequence of Dirichlet eigenvalues for

an operator H(p, q) and zero of A — Y3(1, A, p, q).

THEOREM 2.3 (Theorem of interpolation): The restriction application

F — (F('ui))iEZ

is one to one from E into €4(Z). Moreover, the converse application is given by
the formula

F(z)=)_ F(u)5y Yo(1,2) , VzeC.
iez B2 (1, pi)(z — i)
Proof of Theorem 2.3: It is an adaptation of [McK-Tru, sec. 5]. See this reference
for precise details. We fix (p,q) € L([0,1]) in the following.
Set e(z) = Y2(1, 2) + iZ3(1, z). We have |e(z)| > |e(z*)| for Imz > 0.
Indeed the development e(z)(e(2))” — e(z*)(e(2*))” gives

le(2)[ = le(2")|* = 2i(Y3 (1, 2) Z2(1, 2) — Ya(1,2) 25 (1, 2))

= 4Im/ «(Ya(z, 2)Z3(, 2)) dz.

By direct calculus

Dy (Y2(z,2)Z;5(x, 2)) = — q(2)(|Ya(z, 2)I* + | Z2(2, 2)I")
+ Z‘Z2(za z)|2 - Z*IY2(-’E, Z)|2.

We then obtain |e(2)|? — |e(2*)|2 > 0 since g(z) is real and —Imz* =Imz > 0.
We define B the subset of entire functions as in [McK-Tru, p. 169] or (De Bran,

p. 52] with the scalar product B[F,G] = 2 [7% F(2)G*(2)|e(2)| "% dz, and A the

set of functions F' defined on the pu; with A[F F] =Y. N72|F(u:)|? < 400, where
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NZ= ”F("/‘i)“ig([o,ll)z = %(1 pi)Z2(1, ;). A and B are Hilbert space. The

functions

(2.3) 2z 1o(2) = (e*(a)e(z) — e(a*)e*(2*)) /2i(a* — z)

generate A and B. Moreover, for all F € B we have F(z) = B[F, 1,].
The key of the proof is then to prove

(2.4) Alla,14] = Bla, 1), V¥(a,B) € C?,

which shows that the restriction application is an isomorphism from B to A.
Then we can identify B with E and A with ¢2(Z) (cf [McK-Tru, p. 172]). Let us
prove (2.4). With (2.3) we have

Z(1, i) Y5 ()

(2.5) Lo(pe) = o — VkeZ
hence
Alla, 1] = > Ny % La(me) 15 (1)
k€Z
* - Z2(1,Hk)
=Y. Ya(1, N2 2
R R ey
Y2 (1, 0)Y2(1, B) — Z%(l,i‘k) Z3(1, ix)
(2.6) B—a* ZN (a* ~ [ B — p )

The two sums in (2.6) are expressed using the given expansions in [Lev-Sar] of the
kernel of the resolvant G(x,y, ) of the operator H(p,q) — A. G(z,y, A) is given
by [Lev-Sar, p. 195] for z # y and [Lev-Sar, Lemma 11.3.2, p. 314] shows that
the application (z,y) — Ga22(z,y, A) is continuous through the line z = y. We
then obtain with the definition of w(A), p(z, A) and ¢n(z, A) of [Lev-Sar, (4.6),
p. 319

(p2(1’ ’\)
w(A)
Observe that A has been changed in —\ to pass from the definition of the oper-

ator L in [Lev-Sar, (3.2), p. 310] to the definition of H(p,q). Clearly p.(z) =
Fy(=z, un)(Yg(l tn)Z2(1, pn)) ", w(A) = 91(1,A) = Ya(1, A) and from (2.7)

905(1) Men(l, >‘)]22

(2.7) —

=Gn(1,1,0) =) [

n€z

ZZ(l’)‘) _ Z( n)_ Z2(1 l"n)

IOV
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which is used for the computation of (2.6). We obtain
(28)  Alls, 15 = (B-0a") Y (Z3(1,a)Ya(1, 8) - Y5 (1,@) Z2(1, B)).

Besides, a direct calculus shows 1,(3) is equal to the right hand side of (2.8).
Equality (2.4) is then verified since 14(8) = Bllq, 1]

The interpolation formula comes immediately from F(z) = A[F,1,] for F € E
using (2.5). ]

We know that for all ), V;,L,qA(/\) is tangent to Iso(p,q). In particular for
all j € Z, V-P},qA(/\gj) is tangent to Iso{p,q). Using the interpolation theorem
we will give an expansion in V;,'qu(/\gj) of each T,,. Before, we must check
that each component of V,, ;A()) is an entire function of A which belongs to E,
and consequently check it is in LZ(R). This results from the following theorem
together with the asymptotic behavior of F; and F} for (p,q) in H2.

(T:g)(x) denotes g(t + x) for any g function of z.

THEOREM 2.4: For (p,q) € L&([0,1])?

Vo,amAQR) = =F1(1, A, Tip, Teg) + F3 (1, A, Tep, Teg)-
Proof of Theorem 2.4: 1t is easy to see that
Fi(z, A, Tip, Teq) =Z2(t, A, p, @) Fi(z + 1, A, p, 9)
- Z1(t, A\ p, @) Fa(z + 1, A p, 9),
Fa(z, A, Tep, Trq) = ~ Ya(t, A, p, Q) Fa(z + 2, A, py q)
+Y1(t, A\ p, @) Fa(z + 1, A\ p, q),

(2.9)

since the left hand side and the right hand side of (2.9a) [resp. (2.9b)] ver-
ify the same system with the same data at = 0. Besides, we have from
[Gré, Th. 2(i)(ii), p. 132]
v(Yo(1)Fi(t +Z21F2t,F1t)
VeaAApq) = (—lf(YS(i)FE(i) + Zi(i)Fi(i), Ff(tg) )
B ( v(Vi(DF() + Z1(1) Fa(t), Fa(t)) >
—u(Y1(1)Fi(t) + Z:(1) Fa(t), Fi(t))

where the right members are evaluated at (A, p,q). Consequently

_ v(F(1+1), Fi(t)) — v(Fi(1 + t), Fx(2))
VpaB(Apg) = (—u(F2(1 +1), Fy()) + u(F1(1 + 1), Ba(t)) ) :
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Considering (2.8) and (2.9) for z = 1 it becomes

v(Fa(l+t), Fi(t)) — v(Fi(1 + t), Fa(t)) = =Y1(1, A, Tip, Trq) + Z2(1, A\, Typ, Teq)
and

—u(Fa(1+t), F1(t)) +u(Fi(1+t), F2()) = =Ya(L, A, Top, Teq) — Z1(1, A, Tep, Trq)

which proves the theorem. |

The asymptotic behaviors of Fy(z, A, p, ¢) and Fy(x, A, p, q) for (p, q) € H? are
given by [Gré, (2.1-2), p. 121]. We then deduce with Theorem 2.4

_ 2sin) (p(t) -2
(2.10) Vp(t),q(t)A(/\) = (q(t) +O(A7%)
for (p,q) € H? with O(A~2) uniformly in ¢.
For (p, q) given there exist (p1,q1) € Iso(p, q) with p;(p1,q1) = A2i(p,q), Vi €
Z. (This is a consequence of [Gré, Th. 7, p. 138].) The chosen interpolation
points are the A2;(p,q) = pi(p1,¢1). Thus

3/2(1)/\,171,111)
(2.11) V(A p,q) = VpaA(A2i,p,q) =
. 2 pq Ya(1, A2i, p1, 1) (A — Aai)

(* denotes 9/8X). We prefer to consider the normalized eigenfunctions
.fk(mv P, Q) = f:h (.’E, Ak(p» q)’ y q)“f:h() )‘k(p’ q),p1 q)”Z?:([O»l])Q

LEMMA 2.5: For (p,q) € Lg([0,1])?

Vp(a).q(z)A(A2i) = ~A0%2i,p,0) (—1)75{;%252%;;52;) ) .

Proof of Lemma 2.5: From (1.4) we have for all i € Z,

o v(fain f2i)
VpgA(A2i) = ¢ (_u(fzi, fzi)) .

It remains to evaluate ¢;. Obviously

w(f(z, A), f=(z,N)) [r2rg, = ciw(fai(z), fai(z)).
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Thus

1
(2.12) ¢ = / w(fy(z, A), f—(, X)) =g d.
0
The same calculus as in [Gré, p. 132-133] shows that for all A € C,

Y2 (Dw(f+(z), f-(2)) =Ya(Dw(Fi(z), Fi(2)) — Z1(1)w(Fa(z), Fa(x))

(2.13)
+(22(1) - Ya(1))w(Fi(z), Fa(x)).

If F = (Y, Z)7 is a solution to H(p,q)F = AF, then

(2.14a) —Ze—qY +pZ =Y + XY,
(2.14b) Yo+pY +qZ =Z+ )2,

where the subscript z denotes the derivation with respect to z. If F' = (17, VA )T
is also a solution to H(p,q)F = AF, then (2.14a) multiplied by ¥ and added to
(2.14b) multiplied by Z gives

(2.15) w(F,F)=YZ - ZY.

Integrating (2.15), knowing that for i = 1,2, Y;(0,A) = Z;(0,A) = 0 for all A € C,
we obtain

1
/ w(F1 (.’L‘, /\), FQ(.'L', /\)) dz =Y1Z2 it Z1Y2|(z=1))\),
0
1
(2.16) / w(Fi(z, \), Fi(, N) dz =Y1Z1 — Z1Y1](zm1),
0

1
/ ’w(Fz(:L‘,)\), F2(.’L‘, /\)) dz =Y2Z2 - Z2Y2|(x=1’>\).
0

From the computation of fol dz of the right hand side of (2.13) using expressions
(2.16) for A = Xy; and using [Fi(z, A), Fa(z, A)] = 1, we have

1
/0 w(f+(x, /\), f_(iE, /\))!)‘=,\2; d.’L‘ = —-Yl(l, /\2,') - 22(1, /\21’)

which ends the proof of Lemma 2.5. |
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Equality (2.11) becomes with Lemma 2.5:

Yz(l,)upl,fh)
v z),q(z A(/\vp’ q) = y
p(z)q(z) iGZZY2(1,)\2i’pl,q1)()‘_A2i)

A ) v(f?i(xvpaq)vf%(x’p’q)) )

(217) X A(AZ@,p,q) (— (f2i(x7pvq)7 f2i(x»p7q))
Ya(1, A, p1,q1)

(2.18) = —% e XL

where

_ U(fzi(x,p,q),fzi(x,p,q))) __AQuipg)
K= <'U(f2i(33,p, q)v f2i(z)p1Q)) and & Y2(1,A2i,p1,ql).

The method used in [McK-Tru, Th. 6.1] shows that &; = O(Az; — Ap;—1). We
deduce from (2.10) and (2.18) that for |A| large

2p _____.__’\ = A A v(fair f2i)
(24) ~ Yz(l,/\)vP’qA(/\) T ieZZ PRV <—U(;2i,f2i)) ’

that is to say

(2.19) Ty = ( ) Z e X

'zEZ

Applying to (2.19) the operator £ defined by

LT = -D,T* +4(/0mw((f1’) T) ds) (fl’)l,

we obtain using (2.1-2) withv =g =X and F = G = fy

(5) == 3 o (S Y e ()

(2.20) i€z )
— 2% Ul J2iy J2i
B ; &i(Aai + ) <U(fzi, f2¢)>
with
(2:21) 2¢ = eiwlfai, fai)le=o.

i€Z
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In the same way L applied to T} gives

_ (Do u(fai, fai)
(2.22) ;= % &i(2hi( Az +¢) + ) <v(fzi,f;')>

with

(2.23) d= (Z &i(Aai + )w(fai, fzz')lz:o) +p%(0) + ¢(0).

i€Z
Remark 4: We can repeat this process to obtain the expansions in X; of each
T, for m > 0.

LEMMA 2.6: The real valued functions ¢ and d are constant on Iso(p, q).

Proof of Lemma 2.6: Add the first equation of (2.19) multiplied by p to the
second equation of (2.19) multiplied by ¢ and use (2.2) to obtain 0 = ) ¢; D w
(f2i, f2:) for all z € [0,1]. We then apply fol dr f: ds to the preceding equation

and obtain
Z &;w(f2i, f2i)|e=0 = Z €,

which concludes the proof for ¢ with (2.21). In the same way we deduce from
(2.20)

||(p, ‘1)||i§([0,1])z = (z ei(Azi + ¢) (w(f2i, fai)le=0 — 1)) + p%(0) + ¢%(0),
i€Z
and consequently, using (2.23), d is constant on Iso(p, ¢) since ||(p, g)|| L2(0,1]) 18
itself a spectral invariant of the periodic problem. ]

3. Almost periodicity in time

We recall that for each k € Z the flow associated with the tangent vector field
Vi = V;qA(yk) exists for all time and along this flow, only the kth coordinate
(K&, ur) of the coordinate system K x p is not stationary. More precisely this
coordinate is never stationary. Since (Kj, ux) describes completely a circle in
finite time, the flow (px(-,t),gk(*,t)) associated to Vj is periodic. To evaluate
the period 7y of the flow (px(t), gx(t)) we consider without loss of generality that
the initial data (p1,q1) at t = 0 verifies pi(p1,q1) = A2i—1(P1,q1),Vi € Z. The
evolution of py along the flow (pi(t), gx(t)) is given by the differential equation
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O = :t\/m . The proof and details about the sign + are given in
[Gré, pp. 136-137).

We then define 7, /2 as the smaller positive real such that px(pr(me), qx(me)) =
Aok. Since /2 = Oﬂklzdt, by the following change of variable u = ux(pi(t),
gx(t)) we obtain

A2k d
(3.1) L a

2 A1V A2(l‘) -4
We then prove easily (cf. [McK-Tru, Lemma 11.1]) that m is comparable
to 1, i.e. 7 is minorazed and majorazed by two real strictly positive numbers,
independent of k. Thus the associated flow to W* = 7.V} is 1-periodic in time.
We define 7 = (7;),¢z and the sequences w' = (0.5l )jez for each i € Z by

) Y- ;
(3.2) 75 = €i(d+ 2hg5(c+ Ay;)) and W= 2(1, )

T YA, Agg) (i — Aa)
so that for each i € Z, W' = 3_. .y wiX; and T = 3°, . 73X (cf. (2.17)).
We denote by I the set of real sequences z indexed on Z such that |lz|j; =
3= x2(1+1%)72 < +oo. Clearly T € I and the sequences w' € I for each i € Z.

LEMMA 3.1:
(i) Every z € I can be written as )., yiw*' withy € 1.
(ii) For L={z =Y ww' €I withy € I and y; integer for all i } the quotient
space I /L is compact.

Proof of Lemma 3.1: (i) If a € I is orthogonal to w® for all i € Z, then

0= Z (1 +j2)’3ajw;- =mF(u), Viel
€T
with F € E and F(Ay;) = (1 + j2)~3a; (F does not depend on i) using formula
(3.2) for w} and the interpolation theorem at the points Ag;. Thus F = 0 using
again the interpolation theorem at the points x; and then a; = 0 for all j € Z.
For all x € I we define # by #; = (1 + j2)~%/%z; for every j € Z. Thus
z €I & 2 € £4(Z). We then consider £ as an element of the dual of E by
E(F) = Y_F()g;)%; for all F € E. Then ) y,w* € I if and only if }_ y;0*(F)
converges weakly in (3(Z).

Yo we(F) =3 w1+ iF(Ogy) = Y wimGw)

1€Z jE€Z i€Z
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where G € E with G(\z;) = (1 + j2)"%2F()\y;) in using the interpolation
theorem. Moreover, using equality (2.4), A[G,1,] = B[G,1,] = G(a) suc-
cessively with o = p; and @ = Ay, we can see that G(y;) is comparable to
G(A2;) with constants independent of G and i. Consequently Y v;&*(F) is com-
parable to Y y;m;(1 + i2)~% F(\y;), which converges if and only if y € I.

(i) From (i) if z € I/L then z can be written Y y;w® with y; € [0,1]. We
obtain as in (i) and with the same notations, that for all F € E, £(F') is compa-
rable to 3" yi(1+ j2)7%/2m; F(\2;). We then deduce that |2(F)| < C' 3 |F(\g;)|?
with a constant C independent of F. Since ) |F()g;)|* is comparable to
[ |F(2)|2dz from A[F, F] = B[F, F], we obtain

lzllr = %2 z) = oup [&(F)l| < C

2
=1

where the constant C is independent of (y;);cz. Proceeding exactly in the same
way we obtain that lim;_.ie Y j; |¢:]2(1 + 42)~3 = 0 uniformly in z € I/L.
|

THEOREM 3.2 (Almost periodicity of NLS): For any € > 0 there exists £(g) <
+00 such that all intervals of length at least £(c) contain a real number T > 0
satisfying: the solution to (1.1) verifies for all t € R,

lu 8 +T) = u( Ollezoay <6

independently of any initial data in Iso{uo).

Proof of Theorem 3.2: Identifying u{z,t) with p(z,t) + ig(z,t) where p and ¢
are real valued, it is now as for the KdV equation a consequence of the inequality
(see [Mck-Tru, Lemma 11.2] for an analogous calculus)

(i) - ()

for all reals ¢t and T. The constant C depends only on Iso(pg, go) and then not

<Cinf ||TT- 0“[
6eL
LE([o,1))

on T. The proof is finished by recalling that any flow of the form T — zo + Tz

is almost periodic on a compact set. 1
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